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Vh ■ Abstract. We prove that the category of systems of sesquilinear forms over 

a given hermitian category is equivalent to the category of unimodular 1-her- 
mitian forms over another hermitian category. The sesquilinear forms are not 
iy-s | required to be unimodular or defined on a reflexive object (i.e. the standard 

£SJ . map from the object to its double dual is not assumed to be bijective), and 

the forms in the system can be defined with respect to different hermitian 
structures on the given category. This extends a result obtained in [3] . 

We use the equivalence to define a Witt ring of sesquilinear forms over a 
hermitian category, and also to generalize various results (e.g.: Witt's Can- 



C^ ' celation Theorem, Springer's Theorem, the weak Hasse principle, finiteness of 



genus) to systems of sesquilinear forms over hermitian categories. 



Introduction 



Quadratic and hermitian forms were studied extensively by various authors, 
who have developed a rich array of tools to study them. It is well-known that in 
many cases (e.g. over fields), the theory of sesquilinear forms can be reduced to 
the theory of hermitian forms (e.g. see [H], [13] and works based on them). In 
^+ | the recent paper [3] , an explanation of this reduction was provided in the form 

of an equivalence between the category of sesquilinear forms over a ring and the 
category of unimodular 1-hermitian forms over a special hermitian category. 

In this paper, we extend the equivalence of [3] to hermitian categories, and 
moreover, improve it in such a way that it applies to systems of sesquilinear forms 
in hermitian categories that admit non-reflexive objects (see section [2]). That is, 
we prove that the category of systems of sesquilinear forms over a hermitian 
category ^ is equivalent to the category of unimodular 1-hermitian forms over 
anther hermitian category c €' . The sesquilinear forms are not required to be 
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2 HERMITIAN CATEGORIES 

unimodular or defined on a reflexive object, and the forms in the system can be 
defined with respect to different hermitian structures on the category %?. 

Using the equivalence, we present a notion of a Witt group of sesquilinear forms, 
which is analogous to the standard Witt group of hermitian forms over rings with 
involution (e.g. see [10] or [16]). We also extend various results (Witt's Cancela- 
tion Theorem, Springer's Theorem, finiteness of genus, the Hasse principle, etc.) 
to systems of sesquilinear forms over hermitian categories (and in particular to 
systems of sesquilinear forms over rings with a family of involutions) . 

Sections [T]and [2] recall the basics of sesquilinear forms over rings and hermitian 
categories, respectively. In section El we prove the equivalence of the category of 
sesquilinear forms over a given hermitian category to a category of unimodular 
1-hermitian forms over another hermitian category, and in section HJ we extend 
this result to systems of sesquilinear forms. Section [5] presents applications of the 
equivalence. 

1. Sesquilinear and Hermitian Forms 

Let A be a ring. An involution on A is an additive map a : A —¥ A such that 
o~(ab) = o~(b)a(a) for all a, b G A and a 2 = id a- Let V be a right A-module. 
A sesquilinear form over (A, a) is a biadditive map s : V x V — > A satisfying 
s(xa,yb) = a(a)s(x,y)b for all x,y G V and a,b G A. The pair (V,s) is also 
called a sesquilinear form in this casejj The orthogonal sum of two sesquilinear 
forms (V, s) and (V, s') is defined to be (V © V, s © s') where s © s' is given by 

(s © s')(x ®x',y® y') = s(x, y) + s'(x', y') 

for all x,y G V and x',y' G V. Two sesquilinear forms (V, s) and (V',s') are 
called isometric if there exists an isomorphism of A-modules / : V —¥ V such 
that s'(f(x),f(y)) = s(x,y) for all x, y G V. 

Let V* = B.oioia{V,A). Then V* has a right A-module structure given by 
(/ ■ a)(x) = a(a)f(x) for all / G V*, a £ A. We say that V is reflexive if the 
homomorphism of right A-modules ojy : V — > V** defined by Uy(x)(f) = a(f(x)) 
for all x G V, f G V* is bijective. 

A sesquilinear space (V, s) over (A, a) induces two homomorphisms of right 
A-modules S£, s r : V — > V* called the left and right adjoint of s, respectively. 
They are given by si(x)(y) = s(x,y) and s r (x)(y) = o~(s(y,x)) for all x,y G V. 
Observe that s r = s}uy and se = s*uy- The form s is called unimodular if s r 
and St are isomorphisms. In this case, V must be reflexive. 

Let e = ±1. A sesquilinear form (V,s) over (A, a) is called e-hermitian if 
a(s(x,y)) = es(y,x) for all x,y <E V, i.e. s r = ese- A 1-hermitian form is also 
called a hermitian form. 



Some texts use the term sesquilinear space. 
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There exists a classical notion of Witt group for unimodular e-hermitian forms 
over (A, a) (e.g. see [10]): Denote by WG € (A, a) the Grothendieck group of isom- 
etry classes of unimodular e-hermitian forms (V, s) over (A, a) with V finite pro- 
jective, the addition being orthogonal sum. A unimodular e-hermitian form over 
(A, a) is called hyperbolic if it is isometric to (My, V ®V*) for some f.g. projective 
right A-module V , where M v is defined by 

M v (x ®f,y®g) = f(y) + ea(g(x)) Vx, y e V, f, g 6 V* . 

We let My = My. The quotient of WG £ (A, a) by the subgroup generated by the 
unimodular e-hermitian hyperbolic forms is called the Witt group of unimodular 
e-hermitian forms over (A, a) and is denoted by W £ (A, a). 

We denote by Sesq(v4, a) (resp. \]W(A,a)) the category of sesquilinear (resp. 
unimodular e-hermitian) forms over (A, a). The morphisms of these categories 
are (bijective) isometries. For simplicity, we let UH(vl, a) := UH 1 (y4, a). 

2. Hermitian Categories 

This section recalls some basic notions about hermitian categories as presented 
in PS] (see also [ID], [II]). 

2.1. Preliminaries. Recall that a hermitian category consists of a triplet ( c &, *, u) 
where & is an additive category, * : c & — y ff is a contravariant functor and 
u) = (uc)c& '■ id — > ** is a natural transformation satisfying co^uc* = idc* for 
all Ce?. In this case, the pair (*,u) is called a hermitian structure on ^ . It 
is customary to assume that u is a natural isomorphism rather than a natural 
transformation. Such hermitian categories will be called reflexive. In general, an 
object C E'Jo for which ujq is an isomorphism is called reflexive, so the category 
^ is reflexive precisely when all its objects are reflexive. We will often drop * 
and u from the notation and use these symbols to denote the functor and natural 
transformation associated with any hermitian category under discussion. 

A sesquilinear form over the category ^ is a pair (C, s) with C G c <o and 
s : C — > C*. A sesquilinear form (C,s) is called unimodular if s and s*uc are 
isomorphisms. (If C is reflexive, then s is bijective if and only if s*uc is bijective.) 
Let e = ±1. A sesquilinear form (C,s) is called e-hermitian if s = es*uc- For 
brevity, 1-hermitian forms are often called hermitian forms. Orthogonal sums of 
forms are defined in the obvious way. Let (C, s) and (C, s') be two sesquilinear 
forms over *£ . An isometry from (C, s) to (C, s') is an isomorphism / : C —y C 
satisfying s = f*s'f. In this case, (C, s) and (C, s') are said to be isometric. We 
let Sesq(^) stand for the category of sesquilinear forms over ^ with isometries 
as morphisms. 

Denote by UH € (^) the category of unimodular e-hermitian forms over ^ . The 
morphisms are isometries. For brevity, let UH( < ^') := UH 1 ^). The hyperbolic 
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unimodular e-hermitian forms over c € are the forms isometric to 
where Q is any reflexive object in c lo and Hg is given by 



a Q' 



Q©Q*), 



idq* 
ew Q 



:Q®Q* -)• (Q © Q*)* = Q* © Q** 



Again, let Hq = Hk. The quotient of WG e (^), the Grothendieck group of 
isometry classes of unimodular e-hermitian forms over c 1o (w.r.t. orthogonal sum), 
by the subgroup generated by the hyperbolic forms is called the Witt group of 
unimodular e-hermitian forms over ^ and is denoted by W e (^). For brevity, set 
W(^)=W 1 (^). 

Example 2.1. Let {A, a) be a ring with involution. If we take ff to be Mod-A, 
the category of right A-modules, and define * and u as in section [H then ^ 
becomes a hermitian category. Furthermore, the sesquilinear forms (M, s) over 
(A, a) correspond to the sesquilinear forms over ^ via (M, s) (->■ (M,s r ). This 
correspondence gives rise to isomorphisms of categories Sesq(A, a) = Sesq(^) and 
UW(A, a) ^ UH £ (^). Now let ^ be a subcategory of Mod-A such that M G <€ 
implies M* G 'io . Then ^ is still a hermitian category and it is reflexive if and 
only if ^ consists of reflexive A- modules (as defined in section [1]). For example, 
this happens if '% = 7(A), the category of projective A- modules of finite type. 
In this case, the Witt group W e (1^) = W e (7(A)) is isomorphic to W € (A, a). 

2.2. Duality Preserving Functors. Let ^ and c io' be two hermitian categories. 
A duality preserving functor from ^ to c io' is an additive functor F : ^ — > <■€' 
together with a natural isomorphism % = (Im)m& '■ F* — > *F. This means that 
for any M G ^ ', there exists an isomorphism %m '■ F(M*) — > (FM)* such that 
for all N G ^ and / G Hom^(M, N), the following diagram commutes: 

F(N*) -^l F(M*) 



IN 



KM 



(Ff)* 

(FN)* --^ (FM)* 

Any duality preserving functor induces a functor Sesq(^) — > Sesq(^"), which we 
also denote by F. It is given by 

F(M,s) = (FM,i M F(s)) 

for every (M, s) G Sesq(^). If the functor F : 'af — )■ ^' is faithful (resp. faithful 
and full, induces an equivalence), then so is the functor F : Sesq(^) — > Sesq(^"). 
Let A = ±1. A duality preserving functor F is called X-hermitian if 



iM*F(bJM) — Xi* M UFM 
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for all M G c €. Let e = ±1. We recall from [TO] pp. 80-81] that in this case, 
the functor F : Sesq(^) -> Sesq(^') maps UH e (^) to XJW x (tf') and sends e- 
hermitian hyperbolic forms to eA-hermitian hyperbolic forms. Therefore, F in- 
duces a homomorphism between the corresponding Witt groups: 

W e (F) : W e (^f) ^W eA (<T)- 

If F is an equivalence of categories, then Sesq(F) : UH e ( < ^') — y UH eA (^' / ) is also 
an equivalence of categories and the induced group homomorphism W € (F) is an 
isomorphism of groups. 

2.3. Transfer into the Endomorphism Ring. The aim of this subsection is 
to introduce the method of transfer into the endomorphism ring, which allows us 
to pass from the abstract setting of hermitian categories to that of a ring with 
involution, which is more concrete. This method will be applied repeatedly in 
section |5j Note that it applies well only to reflexive hermitian categories. 

Let ^ be a reflexive hermitian category, and let M be an object of "jf , on which 
we suppose that there exists a unimodular eo-hermitian form ho for a certain 
€q = ±1. Denote by E the endomorphism ring of M. According to [UJ Lm. 1.2], 
the form (M, ho) induces on E an involution a, defined by a(f) = h^ 1 f*ho for 
all / G E. Let 7(E) denote the category of projective right ^-modules of finite 
type. Then, using a, we can consider 7(E) as a reflexive hermitian category (see 
Example E3]). 

Recall that an idempotent e G End<^(M) splits if there exist an object M' G 'io 
and morphisms i : M' —¥ M, j : M — >■ M' such that ji = idju' and ij = e. 

Denote by ^\m the full subcategory of ^ consisting of objects of ^ which 
are isomorphic to a direct summand of a finite direct sum of copies of M. We 
consider the following functor: 

T = T {MM ) ■= Hom(M, _) : V\ M -> 7(E) 

N ^ Hom(M, N), VN G if | M 

/ ^ T(/), V/ G Hom(iV, iV'), ViV, iV' G ^| M , 

where for all g G Hom(M, AT), T(f)(g) = fg. In [TTl Pr. 2.4], it has been proven 
the functor T is fully faithful and duality preserving with respect to the natural 
isomorphism i = (i N ) NeV \ M : T* ->■ *T given by i N (f) = T(/i " 1 /*^tv) for every 
A^ G ^\m and / G Hom(M, AT*). In addition, if all the idempotents of ^\m split, 
then T is an equivalence of categories. By computation, we easily see that T is 
eo-hermitian. 

Note that for any finite list of (reflexive) objects Mi, . . . , M t G 'io and any eo = 
±1, there exists a unimodular eo-hermitian form (M, ho) such that Mi, . . . , M t G 
<*f| M . Indeed, let N = 0* =1 M; and take (M, /i ) = (AT © N*,H^). This means 
that as long as we treat finitely many hermitian forms, we may pass to the context 
of hermitian forms over rings with involution. 
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2.4. Linear Hermitian Categories and Ring Extension. In this subsection 
we introduce the notion of extension of rings in hermitian categories. 

Let K be a commutative ring. Recall that a K-category is an additive cate- 
gory ff such that for every A,B G ^, Hom^ (A, 5) is endowed with a ii'-module 
structure such that the composition is fT-bilinear. For example, any additive cat- 
egory is in fact a Z-category. An additive covariant functor F : ^ — > c £' between 
two /^-categories is K-linear if the map F : B.om.^(A, B) — > B.om^(FA,FB) 
is X-linear for all A,B G ^ '. i^-linear contravariant functors are defined in the 
same manner. A K-linear hermitian category is a hermitian category (^, *,u) 
such that ^ is a i^-category and * is i^-linear. 

Fix a commutative ring K. Let ^ be an additive i\"-category and let R be a 
if-algebra (with unity, not necessarily commutative). We define the extension of 
the category ^ to the ring R, denoted c 1o <&k R, to be the category whose objects 
are formal symbols C ®k R with C G ^ and its Horn-sets are defined by 

Hom C(f0xi? (A ® K R, B® K R) = Homy {A, B) ® c R . 

The composition in ^ ®k R is defined in the obvious way. It is straightforward 
to check that *£ ®k R is also a .ff -category. Moreover, when R is commutative, 
^ ®k R is an /^-category. We define the scalar extension functor, Rr/k '■ & —*■ 
<€ ® K Rhy 

3> R/K M = M® K R, VM etf and 
%R/Kf = f® K l, V/ G Hom(M, N). 

The functor % r /k is additive and i^-linear. 

In case K is obvious from context, we write ^j, M R , f R instead of *€ ®k R, 
M <S>k R, f ®k 1) respectively. (Here, M G *€ and / is a morphism in ^.) 

Remark 2.2. The scalar extension we have just defined agrees with scalar ex- 
tension of modules under mild assumptions ,but not in general: Let S and 
R be two i\~-algebras and write S R = S <S>k R- There is an additive functor 
G : (Mod-S)^ -»■ Mod-(S R ) given by 

G{M R ) =M ® S S R and 

G(f (g) a){m®b) = fm <8> a& 
for all M,N G Mod-S*, / G Homs(M, TV), a,b E R, and the following diagram 
commutes 

Mod-S %R!K * (Mod-S) fi 

G 

Mod-S ~® sSr * Mod-(S R ) 

In general, G is neither full nor faithful. However, using standard tensor-Hom 
relations, it is easy to verify that the map 

(1) G: Kom {Mod _ s)R (M R , M' R ) -> Rom Mod . {SR) (GM R , GM' R ) 
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is bijective if either (a) M is projective of finite type or (b) R is a flat if-module 
and M is finitely presented. In particular, if ^ is an additive subcategory of 
Mod-S" consisting of f.p. modules and R is flat as a if-module, then ^r can be 
understood as a full subcategory of Mod-(Sn) in the obvious way. An example 
in which the map G of (pQ) is neither injective nor surjective can be obtained by 
taking S = K = Z, R = Q and M = M' = Z[±]/Z. 

If ( < rf,*,u) is a i^-linear hermitian category and R/K is a commutative ring 
extension, then % also has a hermitian structure given by (Mr)* = (M*)r, 
(/®o)* = /*®a and w M , = Ma = w M ®l for all M,N etf, f e Hom^(M, JV) 
and a E R. In this case, the functor CR^/^- is a 1-hermitian duality preserv- 
ing functor (the natural transformation i : "JIr/k* ~> *^r/k is just the iden- 
tity). In particular, we get a functor 'JIr/k '■ Sesq(^) — > Sesq(^) given by 
'JIr/k(M, s) := (M r ,sr) and 'JIr/k sends e-hermitian (hyperbolic) forms to e- 
hermitian (hyperbolic) forms. 

2.5. Scalar Extension Commutes with Transfer. Let R/K be a commuta- 
tive ring extension, let ^ be a reflexive i^-linear hermitian category and let M 
be an object of "io admitting a unimodular e-hermitian form h. Then (Mr, Iir) 
is a unimodular e-hermitian form over ^r. Let E = End%r(M) and Er = 
End<^ R (M fi ) = E® K R. It is easy to verify that the following diagram (of functors) 
commutes 

*v Twfe) - m . 



^R/K 



-(M R ,h R ) 



_®eE r 



7 R\M R 



V(Ei 



(Note that by Remark 12.2} 7(E R ) and _ ®e Er can be understood as "J'(E)r 
and JIr/k, respectively.) Since all the functors are e- or 1-hermitian, we get 
the following commutative diagram, in which the horizontal arrows are full and 
faithful, 

Tv 



UH A (^| 



-(M,h) 



hi , 



<-R/K 



UH A (^| 



i M R> h R) 



Mn 



VR Ae (?(E)) 



XJK^(?(E R )) 



This diagram means that in order to study the behavior of JIr/k on arbitrary 
i^-linear hermitian categories, it is enough to study its behavior on hermitian 
categories obtained from i^-algebras with .^-involution (as in Example 12.11) . 

3. An Equivalence of Categories 

Let ^ be a (not-necessarily reflexive) hermitian category. In this section we 
prove that there exists a reflexive hermitian category e &" such that the category 
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Sesq(^) is equivalent to UH 1 (^ ,/ ). (We explain how to extend this result to 
systems of sesquilinear forms in the next section.) 

The category c €' resembles the category of double arrows presented in [3j §3], 
but not identical to it. This difference makes our construction work for non- 
reflexive hermitian categories and, as we shall explain in the next section, to 
work with systems of sesquilinear forms, where the forms can be defined with 
respect to different hermitian structures on '$ . 

3.1. The Category of Twisted Double Arrows. Let (^, *, to) be a hermitian 
category. We construct the category of twisted double arrows in ^, denoted 
Ar r 2 ( < ^), as follows: The objects of Ar 2 ( < af) are quadruples (M, N, f, g) such that 
f,g E Hon%(M, N*). A morphism from (M,N,f,g) to (M' ', N' ', g' ', /') is a pair 
((f), ip op ) such that <p e Hom(M, M'),ipe Hom(JV', N), f'<j> = tp*f and g'(j) = tp*g. 
The composition of two morphisms is given by (<f),ip op )(<f)',il ! ' op ) = (00' > i' l l J '' l f J ) op )- 
The category Ar^C^) is easily seen to be an additive category. Moreover, it has 
a hermitian structure: For every (M,N, f,g) G AFjC^), define (M,N, f,g)* = 
(N,M,g*u N ,f*u N ) and U( M ,N,f,g) = id(M,N,f,g) = (idjvf,id^). In addition, for ev- 
ery morphism (0, ^ op ) : (M, N, f, g) ->■ (M', N', /', g'), let (0, ^ op )* = (^, 0° p )- It 
is now routine to check that (Ar 2 (^), *, u>) is a reflexive hermitian category. Also 
observe that ** is the just identity functor on Ar 2 ( < ^ 7 ). The following proposition 
describes the hermitian forms over Ar 2 (^). 

Proposition 3.1. Let Z := (M,N,f,g) E Ar 2 (^) and let a, fie Hom^(M, N). 

Then (Z, (a, fi op )) is a an hermitian form over Ar 2 (^) •<=>■ a = (3 and a* f = 
g*u>NOi •<=>■ a = (3 and a*g = f*cu^a. 

Proof. By definition, Z* = (N,M,g*UN, f*u)N), so (a,(3 op ) is morphism from Z 
to Z* if and only if fi*f = g*uiNOt and fi*g = f*u>NOi. In addition, by computation, 
we see that (a, (3 op ) = (a, f3 op )*oujz precisely when a = (3. Therefore, (Z, (a, (3 op )) 
is a hermitian form if and only if a — fi, a*f = g*U]ya and a*g = f*u^a. It is 
therefore enough to show a* f = g*ujjya -<=>- a*g = f*uj^a. Indeed, if a* f = 
g*u N a, then a*u* N g** = f*a**. Therefore, a*g = a*u* N u N *g = a*u* N g**u M = 
f*a**u>M = f*UNdt, as required (we used the naturality of uj and the identity 
cu^cjtv* = id^* in the computation). The other direction follows by symmetry. □ 

Theorem 3.2. Let ^ be a hermitian category. Define a functor F : Sesq(^) — >• 
UH(A7 2 (^)) by 

F(M, s) = ((M, M, s*u M , s), (id M , id op )), 

Fty) = (V, (^- 1 )° P ) 

for all (M, s) e Sesq(^) and any morphism ip in Sesq(^) . Then F induces an 
equivalence of categories between Sesq(^) and UH(Ai r 2 (^)). 
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Proof. Let (M, s) G Sesq(^). That F(M, s) does lie in UH(A7 2 (^)) follows from 
Proposition 13.11 Let ip : (M, s) — > (M', s') be an isometry. Then 

(^- 1 ,^ p )(idM',id^)(^,(^- 1 ) op ) = (^- 1 id M ^,(V'- 1 idM'V) op ) = (idM,id°?) . 
Thus, F(i/j) is an isometry from F(M, s) to F(M', s'). It is clear that F respects 
composition, so we conclude that F is a functor. 

To see that F induces an equivalence, we construct a mutual inverse for F. 
Let G : UH(M r 2 (^)) ->■ Sesq(^) be defined by 

G((M,NJ,g),(a,a op )) = {M,a*g) 

for all ((M,NJ,g) J (a,a op )) G UH(Ar 2 (^)) and any morphism (0, V° p ) in 
UH(A7 2 (<*f)). 

Let (Z, (a,a op )), (Z', (a',a ,op )) G UH(A7 2 (^)) and let (0,^ op ) : (Z, (a,a op )) ->■ 
(Z', (a', a /op )). It is easy to see that G(Z, (a, a op )) G Sesq(^), so we turn to check 
that G(0, ^ op ) is an isometry from G{Z, (a, a op )) to G(Z', {a', a' op )). Writing Z = 
(M,N,f,g) and Z' = (M',N', f,g'), this amounts to showing a*g = (jfa'*g'(j). 
Indeed, since (0, ip op ) is morphism from Z to Z', we have g'4> = ip*g, and since 
(0, -0 op ) is an isometry, we also have (0, ■?/ ;Op )*(« / ,« /op )(0, ip op ) = (a,a op ), which 
in turn implies ipa'<j) = oc. We now have <p*a'*g'<j) = (jfoc'*ip*g = (i/ja'4>)*g = a*g, 
as required. That G preserves composition is straightforward. 

It is easy to see that GF is the identity functor on Sesq(^), so it is left to 
show that there is a natural isomorphism from FG to iduH(Ar 2 (^))- Keeping the 
notation of the previous paragraph, we have 

FG((M,N,f,g),(a,a op )) = ((M,M,(a*g)*u; M ,a*g),(idM,id%)) . 

By Proposition 13. l\ we have a* f = g*UNO:, hence (at*g)*LUM = 9*cx**ujm = 
g*UN(y = a*f. Thus, 

(2) FG((M,NJ } g) } (a,a op )) = ((M,M,a*f,a*g),(id M ,id°£)) ■ 

Define a natural isomorphism t : iduH(Ar2(<r)) — *• FG by £(z,(a,o°p)) = (idAf,a op )- 
Using (J2j) , it is easy to see that t(z,( a ,a°p)) is indeed an isometry from (Z, (a, a op )) 
to FG(Z, (a, a op )). The map t is natural since for Z', (<f), ip op ) as above, we have 

FG{<P,r v )t { z, { *, a °v)) = (0,(0- 1 )°P)(id M ,a op ) = (0, («0- 1 ) op ) = (0,(^"')° p ) = 
(idj^', a /op )(0, ip ap ) = £(z',(a',a'°p))(0, ip op ) ( w e used the identity ipa'cfi = a verified 
above). □ 

Remark 3.3. On the model of [3J §3], one can also construct the category of 
(non-twisted) double arrows in ff, denoted Ar 2 (^). Its objects are quadru- 
ples (M,N,f,g) with M,N G If and f,g G Hom(M, N). A morphism from 
(M,N,f,g) to (M' , N' , f , g') is a pair (<j),ip), where G Hom(M, M') and ^ e 
Hom(iV, N') satisfy ipf = f'(j) and ipg = g'<p. The category Ar 2 (^) is obviously 



10 HERMITIAN CATEGORIES 

additive and moreover, it admits a hermitian structure given by (M,N, f,g)* = 
(N*,M*,g*,f*), (0,V)* = (ip*,4>*) and uj {M ,Nj, g) = (%,%)■ 

There is a functor T : Ar 2 C«f ) ->• Ar 2 (^) given by T(M, JV, /, #) = (M, N* , /, g) 
and T(<j),ip op ) = ((f), ip*). This functor induces an equivalence if ^ is reflexive, 
but otherwise it need neither be faithful nor full. In addition, provided ^ is 
reflexive, one can define a functor F' : Sesq(^) — > UH(Ar 2 ( < ^')) by F'(M,s) = 
((M, M*, s*u M , s), (u M , id M *)) and F'(ip) = (if;, (t/^ 1 )*). This functor induces an 
equivalence of categories; the proof is analogues to [3j Th. 4.1]. 

3.2. Hyperbolic Sesquilinear Forms. Let ^ be a hermitian category. The 
equivalence Sesq(^) ~ UH(Ar 2 (^)) of Theorem 13.21 allows us to pull back notions 
defined for unimodular hermitian forms over Ar 2 (^) to sesquilinear form over ^ . 
In this subsection, we will do this for hyperbolicity and thus obtain a notion of a 
Witt group of sesquilinear forms. 

Throughout, F denotes the functor Sesq(^) — > UH(Ar 2 (^)) defined in Theo- 
rem [3T21 

Definition 3.4. A sesquilinear form (M, s) over 'if is called hyperbolic ifF(M, s) 
is hyperbolic as unimodular hermitian form over Ar 2 (^) . 

The following proposition gives a more concrete meaning to hyperbolicity of 
sesquilinear forms over c tf. 

Proposition 3.5. Up to isometry, the hyperbolic sesquilinear forms over ^ are 
given by 

(M®N,[]{]) 

where M,N eft, f G Eom v (N, M*), g e Horn* (M, N*) and [° g f ] is an element 
of Hohv (M © N, M* © N*) given in matrix form. Furthermore, a unimodular 
e-hermitian form is hyperbolic as a sesquilinear form (i.e. in the sense of Defi- 
nition 3.4\ ) if and only if it is hyperbolic as a unimodular e-hermitian form (see 
section^). 

Proof. Let G be the functor UH(Ar 2 (^)) — ¥ Sesq(^) defined in the proof of 
Theorem 13.21 Since G is a mutual inverse of F, the hyperbolic sesquilinear 
forms over ^ are the forms isometric to G(Z © Z*,M Z ) for Z e Ar 2 (^). Write 
Z = (M,N,h,g). Then 

(Z®Z\W z ) = ((M®N,N(BM,[ h ^ N },[° oh Z N }),[l i t})- 

Observe that [^] = [^ **"?*] = ([*£, *fr] , Ul "ST)- Thus, 

G(Z®Z*,M Z ) = (M®N, Ul'f]* [g ft .JJ)> 

and since [ id ° M 'tY [ 9 h Z N ] = [m^'Y] [oV.J = [^T], we see that 
G(Z © Z*,M Z ) matches to the description of the proposition. Furthermore, by 
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putting h = f*u M for / e Horn* (JV, M*), we get h*u N = u* M f**u N = cu* M UJ M *f = 
f. Thus, (M © N, [g o ] ) * s hyperbolic for all M, N, f, g as in the proposition. 
To finish, note that we have clearly shown that (Q © Q*,M.%) is hyperbolic as 

a sesquilinear form for every Qe^. To see the converse, assume (M © N, [ „ o ] ) 
is e-hermitian and unimodular. Then 



[:«=<[:{]' 



^AfffiTV 



3* 
/* 



L o wjvJ 

ro/i 
U oj 



eg'wjv 
e/*u> M 



hence g = ef*UN and / = eg*UM- Since [ g d\ is unimodular, / and g are 
bijective and hence, so are u N and o;m- In particular, M is reflexive. It is now 
routine to verify that the map \&m ©/ : M © A/" — > M © M* is an isometry from 
(M © N, [° Q) to (M © M*,H|f), so the former is hyperbolic in the sense of 
section |2J □ 

Let (A, a) be a ring with involution. In case *€ is the category of right A- 
modules, considered as a hermitian category as in Example 12.11 we obtain a 
notion of hyperbolic sesquilinear forms over (A, a). These hyperbolic forms can 
be characterized as follows. 

Proposition 3.6. A sesquilinear form (M,s) over (A, a) is hyperbolic if and 
only if there are submodules M 1; M 2 < M such that s(M l5 M x ) = s(M 2 , M 2 ) = 
and M = Mi © M 2 . Furthermore, if (M, s) is unimodular and e-hermitian, then 
(M, s) is hyperbolic as a sesquilinear space if and only if it is hyperbolic as an 
e-hermitian unimodular space. 

Proof. Recall that for any two right A-modules M 1? M 2 , we identify (Mi © M 2 )* 



M* via/ ^ (f\ Ml J\M 2 ). Let (M,s) 



with M{ 

assume M = Mi © M 2 . By straightforward computation 

the form [°/ ] e Rom A (M,M*) = Hom A (M! ®M 2 ,M* 



be a sesquilinear space and 
we see that s r is of 
) M 2 ) if and only if 



s(Mi,Mi) = s(M2 1 M 2 ) = 0. The proposition therefore follows from Proposi- 
tion [33J □ 

Returning to the general case, let WG s(^) be the Grothendieck group of isom- 
etry classes of sesquilinear forms over ^, with respect to orthogonal sum. It is 
easy to see that the hyperbolic isometry classes span a subgroup of WGs(^), 
which we denote by H(^). The Witt group of sesquilinear forms over ff is de- 
fined to the quotient 

Ws(^) = WG 5 (^)/H(^) . 
By definition, we have Ws(^) = W(Ar 2 (^)). Taking *€ to be the category of 
all (resp. reflexive, projective) right A-modules of finite type and their dualsjj 
we obtain a notion of a Witt group for sesquilinear forms over (A, a). Also 
observe that there is a homomorphism of groups W e (^) — > Ws(^) given by 
sending the class of a unimodular e-hermitian form to its corresponding class in 



2 It is possible that M* would not be of finite type when M is. However, when A is noetherian, 
M* is of finite type because any surjection A n -» M gives rise to an injection M* =— » (A*) n . 
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Ws(^). Corollary 15. 1 II below presents sufficient conditions for the injectivity of 
this homomorphism. 

3.3. Extension of Scalars. Let R/K be a commutative ring extension and let 
^ be a i^-linear hermitian category. Then the category Ar 2 (^ 7 ) is also i^-linear. 
For later usage, we now check that the scalar extension functor "Jl R / K of subsection 
12.41 "commutes" with the functor F of Theorem 13.21 

Proposition 3.7. There is a 1-hermitian duality preserving functor J : Ar^t^)/?. — > 
Ai r 2 ('^ij) given by 

J((M,NJ,g) R ) = (M R} N R} f R ,g R ) } 

J(((f>, </> op ) <8> a) = (</> ® a, (tfj ® a) op ), 

/or a// (M,N, f,g) G Ar^f^) and any morphism (0, ?/> op ) in Ar^^). (T/ie asso- 
ciated natural isomorphism i : J* ^r *J is the identity map.) The functor J is 
faithful and full, and it makes the following diagram commute: 

Sesq(^) UH(Ar 2 (<if )) 



^■R/K 



F 



Jt-R/K 



Sesq(%) -^ UH(Ax 2 (%)) -^- UH(A7 2 (^) fi ) 

Proof. We only check that J is faithful and full. All other assertions follow 
by computation. Let Z,Z' G A7 2 (^). Define I : Hom A T 2 (tf R )(JZ R ,JZ' R ) — > 
E.om AMV)R (Z R ,Z' R ) by 

i j i,j 

Then it is routine to verify that I is an inverse of J : B.om.A7 2 (^) R (Z R , Z' R ) — > 
HomA7 2 (^ H )(J^ij, JZ' R ). Thus, J is full and faithful. D 

As an immediate corollary, we get: 

Corollary 3.8. Let (M,s), (M',s') be two sesquilinear forms over ^ . Then 
$. r /k(M, s) is isometric to %. r /k(M', s') if and only if$. R /KF(M, s) is isometric 
toR R/K F{M>,s'). 

4. Systems of Sesquilinear Forms 

In this section, we explain how to generalize the results of Section [3] to systems 
of sesquilinear forms. 

Let A be a ring and let {o~j}j e / be an nonempty family of (not necessarily 
distinct) involutions of A. A system of sesquilinear forms over (A, {o'i}i e j) is a 
pair (M, {si}i & i) such that (M, Sj) is a sesquilinear space over (A, o"j) for all i. An 
isometry between two systems of sesquilinear forms (M, {sj}j G /), (M', {s'A-i^i) is 
an isomorphism / : M — > M' such that s[(fx, fy) = Si(x, y) for all x, y G M. 
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Observe that each of the involutions <Tj gives rise to a hermitian structure 
(*i,Ui) on Mod-A, the category of right A-modules. In particular, a system 
of sesquilinear forms (M, {si}) gives rise to homomorphisms (si) r , (si)g : M — > 
M* 1 given by (si) r (x)(y) = Vi(si(y,x)) and (si) £ (x)(y) = Si(x,y), where M* 1 = 
Hohia(M, A), considered as aright A-module via the action (f-a)m = <Ji{a)f{m). 
This leads to the notion of systems of sesquilinear forms over hermitian categories. 

Let 'io be an additive category and let {*i,Ui}i(zi be a nonempty family of 
hermitian structures on tf, A system of sesquilinear forms over (^, {*,, Wj}ie/) 
is a pair (M, {sj}^/) such that M G ff and (M, s$) is a sesquilinear form over 
(^, *i,Ui). An isometry between two systems of sesquilinear forms (M, {si} i€ j) 
and (M', {s^}j e /) is an isomorphism / : M — > M' such that f^s'J = Sj for all 
i G I. We let Sesq 7 (^) (or Sesq / (^ 7 , {**, Wi})) denote the category of systems of 
sesquilinear forms over (^, {*«, Wj}jg/) with isometries as morphisms. 

Keeping the notation of the previous paragraph, the results of section [3] can 
be extended to systems of sesquilinear forms as follows: Define the category of 
twisted double I-arrows over { c ^ > ,{*i,Ui} ie j), denoted Ar^iC^), to be the cate- 
gory whose objects are quadruples (M, N, {fiji^i, {gijiei) with M,N G *€ and 
fi, 9i G Komv(M,N**). A morphism (M, N, {/<}, { 9i }) -> (M', A', {//}, {^}) 
is a formal pair (0, -?/> op ) such that <fi G Hom(M, M'), ^ G Hom(A^ / ,A^) and 
■0**/* — /i^j ■0**fl'* — ^0 f° r ai l « G /. The composition is defined by the formula 

(0,^ OP )(0',^'° P ) = (#', (0V)° P )- 

The category ArV/-^) can be made into a reflexive hermitian category by 
letting (M,N,{fi},{ gi }y = (A, M, {g*M, N }, {^}), (0,V° P )* = (^,0° p ) 
and W(jvf,jv,{/i},{gi}) — (idjvf > id^ )• It is now possible to prove the following theorem, 
whose proof is completely analogous to the proof of Theorem 13.21 

Theorem 4.1. Define a functor F : Sesq / ( < ^) — > UH(Ar 2 j( < ^')) by 

F(M,{ Sl }) = ((M,M,{ S >,M},{ Sl }),(id M ,id° p )), 

TTien F induces an equivalence of categories. 

Proof (sketch). It is easy to see that that any hermitian form over UH(Ar 2 /(^)) 
has the form ((M, A, {/<}, {#}), (a, a op )). Define a functor G : UH(A7 2/ (^)) -> 
Sesq 7 (^) by 

G((M, A, {/<}, {^}), (a, a op )) = (M, {«*'&}), 



G(0,V 



op\ 



By arguing as in the proof of Theorem 13.21 we see that G is a mutual inverse of 
F. D 
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As we did in section [3J we can use Theorem 14. II to define hyperbolic systems of 
sesquilinear forms. Namely, a system of forms (M, {sj}) over if will be called hy- 
perbolic if F(M, {si}) is hyperbolic over Ar r 2/(^ 7 ). The following two propositions 
are proved in the same manner as Propositions 13.51 and 13.61 respectively. 

Proposition 4.2. A system of sesquilinear forms (M, {sj}) over'io is hyperbolic 
if and only if there are M U M 2 G if, fi G Eom(M 2 ,M* i ), g { G Hom(Mi,M 2 * 1 ) 
suc/i t/iat M = Mi © M 2 and for all i G I, 

Si = [ ° J] G Hom(M, AT*) = Hom(M! © M 2 , M*' © M 2 *') . 

In t/izs case, eac/j of the sesquilinear forms (M, s$) (over (^, *j,u;j),) zs hyperbolic. 

Proposition 4.3. Lei A be a ring and let {o~i}i£i be a nonempty family of involu- 
tions of A. A system of sesquilinear forms (M,{si}) over (A, {ctj}) is hyperbolic 
if and only if there are submodules M±, M 2 < M such that M = Mi © M 2 and 
Si(Mi, Mi) = Si(M 2 ,M 2 ) = for alii G I. In this case, each of the sesquilinear 
forms (M, Si) (over (A, oA) is hyperbolic. 

The notion of hyperbolic systems of sesquilinear forms can be used to define 
Witt groups. We leave the details to the reader. 

Let R/K be a commutative ring extension. If if and all the hermitian struc- 
tures {*i, Ui}i£i are i^-linear, then the scalar extension functor "JIr/k '■ if —^ ifk is 
1-hermitian and duality preserving with respect to (*$, ujA for all i G /. Therefore, 
we have a functor "JIr/k '■ Sesq 7 (if) — > Sesq / ( < ^) given by JIr/k(M, {si}i e j) = 
(Mr, {(si)n}i e i). We thus have a notion of scalar extension for systems of bilin- 
ear forms (and it agrees with the obvious scalar extension for systems of bilinear 
forms over a ring with a family of involutions, provided the assumptions of Re- 
mark [272]). Using the ideas of subsection 13.31 one can show: 

Corollary 4.4. Let (M, {sj}) ; (M', {s^}) be two systems of sesquilinear forms 
over ("&, {*i,Wi}). Then Jl R / K (M,{si}) is isometric to CRr/#(M', {s'A-) if and 
only if$. R/K F(M, {si}) is isometric to Jl R/K F(M', {s^}). 



5. Applications 

The following section uses the previous results to generalize various known 
results about hermitian forms (over rings or reflexive hermitian categories) to 
systems of sesquilinear forms over (not-necessarily reflexive) hermitian categories. 
Some of the consequences to follow were obtained in [3] for hermitian forms over 
rings. Here we rephrase them for hermitian categories, extend them to systems 
of sesquilinear forms and drop the assumption that the base module (or object) 
is reflexive. 
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5.1. Witt's Cancelation Theorem. Quebbemann, Scharlau and Schulte have 
proven Witt's Cancelation Theorem for unimodular hermitian forms over hermit- 
ian categories satisfying certain assumptions ([HJ §3.4]). It is possible use their 
result with Theorem 14.11 to get a cancelation theorem for systems of sesquilinear 
forms (in the same manner as in [3| §6]). However, as pointed out in [TT], there is 
an even stronger cancelation theorem due to Reiter ([121 Th. 6.2]), that applies to 
hermitian forms over semilocal ringso (Reiter actually proved a version of Witt's 
Extension Theorem; the cancelation follows as a corollary.) 

Theorem 5.1 (Reiter). Let (R,cr) be a semilocal ring with involution and let 
(M,s), (M',s'), (M",s") be unimodular 1- hermitian (resp. (—1) -hermitian) forms 
over (R, a) . Assume that \ e R and M, M', M" are projective of finite type. Then 
(M, s) © (M', s') ~ (M, s) © (M", s") ^^ (M', s') ~ (M", s"). 

Proof. Let (N,t) be another copy of (M, s) and identify (M © M', s © s') with 
(N © M", t © s"). It is enough to prove that the isometry (M, s) ~ (N, t) extends 
to an isometry of (M © M' , s © s') (as the extension would send M' = M 1 - to 
M" = N 1 ). But this follows from p21 Th. 6.2]. □ 

In order to apply Reiter's result, we recall that if R is a ring and e G R is 
an idempotent, then R is semilocal if and only if eRe and (1 — e)R(l — e) are 
semilocal. This implies that if M, N are two objects in an additive category, then 
End(M © N) is semilocal if and only if End(M) and End(iV) are semilocal. We 
will also make use of a result by Camps and Dicks ([6, Cor. 2]): 

Theorem 5.2 (Camps, Dicks). Let R be a semilocal ring and let S be a subring 
of R such that S x = S fl R x (i.e. every element of S that is invertible in R is 
also invertible in S). Then S is semilocal. 

Theorem 5.3 (Cancelation Theorem). Let c € be an additive category admitting 
hermitian structures {*i,u)i}i e i (I ^ <j>), and let (M, {s«}), (M\ {s'A-), (M", {s"}) 
be systems of sesquilinear forms over (ffi, {*«, Ui}). Assume that End(M), End(M') 
End(M") are semilocal rings in which 2 is invertible. Then 

(M, {,,}) © (M\ {,:}) ~ (M, {,,}) © (M", {<}) ^^ (M', {aj}) ~ (M", {<}). 



Proof. By TheoremEE! it is enough to verify F(M', {s-}) ~ F(M", {s'-}). Write 
{Z,(a,af*)) = F(M,{s i })®F(M',{s' i }) and E = End A72l(v) (Z). By applying 
transfer with respect to (Z, (a, a op )) (i.e. the functor T(z,(a,a°p)) of subsection 
2.3p . we reduce to showing cancelation for unimodular 1-hermitian forms defined 
on projective ^-modules of finite type. It is easy to see that | 6 E, so we are 
done by Theorem 15.11 if we prove that E is semilocal. Write (W, (/3,/3 op )) = 
F(M, {si}) and (W, (/3', /3' op )) = F(M i ,{s' i }). By the previous comments, it 
is enough to show End(W) and End(W) are semilocal. Indeed, End(VF) is a 



3 Recall that a ring R is semilocal if R/ Jac(R) is semisimple artinian, where Jac(-R) is the 
Jacobson radical of R. 
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subring of End(M) x End(M) op and it is easy to check that any endomorphism 
(0, ip op ) G End(jy) which is invertible in End(M) x End(M ) op is also invertible in 
End(IF). Thus, by Theorem 15.21 End(VF) is semilocal, and in the same manner, 
so is End(W). □ 

As a special case of the theorem, we get: 

Corollary 5.4. Let A be a ring with | G A and let {o~i}i e j be a nonempty 
family of involutions on A. Let (M, {sj}) ; (M', {s^}) ; (M",{s"}) be systems of 
sesquilinear forms over (A, {cTj}). Assume that M,M',M" are artinian or A is 
semilocal and M, M', M" are finitely presented. Then 

(M, {,,}) © (M>, {s>}) ~ (M, {s t }) © (M», {<}) <=► (M>, {s>}) ~ (M», {<}). 

Proof. If M, M', M" are artinian, then their endomorphism rings are semilocal 
by [HI Cor. 6]. If A is semilocal and M, M', M" are finitely presented, then their 
endomorphism rings are semilocal by \7\ Th. 3.3]. Now apply Theorem 15.31 □ 

5.2. Finiteness Results. In the following two subsections, we generalize the 
finiteness results of [21 §10] to systems of sesquilinear forms. 

For a ring A, we denote by T(A) the Z-torsion subgroup of A. Recall that if R is 
a commutative ring, A is said to be R-finite if Ar = A®^R is a finitely generated 
-R-module and T(A) is finite. Note that being .R-finite passes to subrings. 

The proofs of the results to follow are completely analogous to the proofs of the 
corresponding statements in [31 §9]; they are based on applying the equivalence 
of Theorem 14.11 and then use the finiteness results of [Tj , possibly after applying 
transfer. 

Throughout, & is an additive category and {*i,Ui}i £ i is a nonempty family of 
hermitian structures on c (o . Fix a system of sesquilinear forms (V, {sj}j e /) over 
(if,{i,w«}) and let Z(V, { Sl }) = (V,V,{s**u iy },{s lr }) G A7 2J (^). (Note that 
F(V, {si}) = (Z, (id y , id^ p )) with F as in Theorem OJ . 

Theorem 5.5. If there exists a non-zero integer m such that Endy(y) is Z[l/m]- 
finite, then there are finitely many isometry classes of summands of (V, {s.;}). 

Theorem 5.6. Assume that there is a non-zero integer m such that the ring 
EndA7 2I (<t?)(Z(V,{si})) is Z[l/m]- finite (e.g. if End^{V) is Z[l/m]-finite). Then 
there exist only finitely many isometry classes of systems of sesquilinear forms 
{V, {s'A-iei) over <€ such that Z(V, {s^}) ~ Z{V, {si}) (as objects in Ar 2 i(tf)). 

5.3. Finiteness of The Genus. Let ^ be a hermitian category admitting a 
nonempty family of hermitian structures {*j,a;j}j e /. We say that two systems 
of sesquilinear forms (M, {sj}), (M', {s^}) are of the same genus if they become 
isometric after applying $.% /% for every prime number p (where Z p are the p-adic 
integer). (See Remark 12.21 for conditions under which this definition of genus 
agrees with the naive definition of genus for module categories.) As in [31 Th. 
10.3], we have: 
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Theorem 5.7. Let (M, {sj}) be a system of sesquilinear forms over ('af, {*», Wi}), 
and assume that End(M) zs Q-finite. Then the genus of (M, {sj}) contains only 
a finite number of isometry classes of systems of sesquilinear forms. 

5.4. Forms That Are Trivial in The Witt Group. Let ^ be a hermit- 
ian category. By definition, a unimodular e-hermitian (resp. sesquilinear) form 
(M,s) is trivial in in W e (^) (resp. Ws(^)) if and only if there are unimodu- 
lar e-hermitian (resp. sesquilinear) hyperbolic forms (Hi, hi), (H 2 ,h 2 ) such that 
(M,s) © (Hi, hi) ~ (H 2 ,h 2 ). In this section, we will show that under mild as- 
sumptions, this implies that (M, s) is hyperbolic. 

Lemma 5.8. Let M G ^ ', and assume that M is a (finite) direct sum of objects 
with local endomorphism ring. Then, up to isometry, there is at most one e- 
hermitian hyperbolic form on M. 

Proof. For X G ^ , let [X] denote the isomorphism class of X. The Krull- 
Schmidt Theorem (e.g. see |T5l pp. 237]) implies that if M = ® i=1 Mi with each 
Mi indecomposable, then the unordered list [Mi], . . . , [M t ] is determined by M. 
Let (M, s) be an e-hermitian hyperbolic form on M, say (M, s) ~ (N(BN*,M. e N ). 
Write iV = ©[ =1 iVi with each JVj indecomposable. Then s ~ ©[ =1 ^n-- ^ * s eas y 
to check that isometry class of W N , depends only on the set {[iVj], [iV*]}. Further- 
more, using the Krull-Schmidt Theorem, one easily verifies that the unordered list 
{[JVi], [N*]}, ...,{[N r ], [N*]} is uniquely determined by M. It follows that (M, s) 
is isometric to a sesquilinear form which is determined by M up to isometry. □ 

Proposition 5.9. Let & be a hermitian category such that every object in ff is 
a sum of objects with local endomorphism ring in which 2 is invertible. Then 
a unimodular e-hermitian form (M,s) is trivial in W e (^) if and only if it is 
hyperbolic. 

Proof. Let (M, s) be a unimodular e-hermitian form such that (M, s) = in 
W L ( c to). Then there are unimodular e-hermitian hyperbolic forms (Hi, hi), (H 2 , h 2 ) 
such that (M,s) © (Hi, hi) ~ (H 2 ,h 2 ). Using the Krull-Schmidt Theorem, it is 
easy to see that there is iV e ^ such that M = N © iV*. Thus, we may consider 
W N as a hermitian form on M. By Lemma [5. S\ we have M. e N © hi ~ h 2 , implying 
H^r © h 2 ~ s © h 2 . Therefore, by Theorem I5.3[ s ~ W N , as required. D 

Proposition 5.10. Let K be a field of characteristic not 2 and let ^ be a K -linear 
hermitian category such that all idempotents in ^ split and dim^- Hom(M, N) < 
oo for all M, N G *£ . Then a sesquilinear form (M, s) is trivial in Ws(^) if and 
only if it is hyperbolic. 

Proof. It is enough to verify that F(M, s) is hyperbolic in Ar 2 (^') (Theorem 13. 2p . 
Our assumptions now imply that the Horn-sets in Ax 2 ( ( ^) are finite dimen- 
sional i^-vector spaces (since they are subalgebras of Hom(M) x Hom(iV) op with 
M,N G c €). Therefore, every object of PS 2 (^€) is a sum of objects with a local 
endomorphism ring (e.g. see [16] §7.11]), so we are done by Proposition 15.91 □ 
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Corollary 5.11. Under the assumptions of Proposition [5Jfy the map W(^) — > 
W si 1 ^) is injective. 

Proof. This follows from Propositions 15.101 and 13.51 □ 

5.5. Odd Degree Extensions. Throughout this subsection, L/K is an odd 
degree field extension and char if ^ 2. A well known theorem of Springer asserts 
that two unimodular hermitian forms over K become isometric over L if and 
only if they are already isometric over K. Moreover, the restriction map (i.e. the 
scalar extension map) r^/x '■ W(K) — y W(L) is injective. Both statements were 
extended to hermitian forms over f.d. if-algebras in [2j Pr. 1.2 and Th. 2.1] (see 
also [S] for a version in which L/K is replaced with an extension of complete 
discrete valuation rings). In this section, we extend these results to sesquilinear 
forms over hermitian categories. 

Theorem 5.12. Let c io be an additive K -category such that dim^ Hom(M, M') is 

finite for all M, M' G < if. Let {*i,u>i}i e i be a nonempty family of K -linear hermit- 
ian structures on c io and let (M, {sj}) ; (M', {s'A-) be two systems of sesquilinear 
forms over (ff, {* i( w»}). Then Jl L / K (M, {si}) ~ 91l/k(M', {s^}) if and only if 

Proof. By CorollaryH3J it is enough to prove Ji L/K F(M, {st}) ~ $. L/K F(M', {s-}) 
if and only if F(M, {si}) ~ F(M', {s^}) (with F as in Theorem E]). Write 
(Z, (a, a op )) = F(M, {si}) © F(M', {s^}) and let E = End(Z). Then E is a K- 
subalgebra of End(M©M') x End(M©M') op , which is finite dimensional. By ap- 
plying T(x,(a jQ op)) (see subsection 12. 3p . we reduce to showing that two 1-hermitian 
forms over E are isometric over E ©x L if and only if they are isometric over E, 
which is just [21 Th. 2.1]. (Note that we used the fact that transfer commutes 
with "Rl/k in the sense of subsection 12.51 ) □ 

Corollary 5.13. Let A be a f.d. K-algebra and let {o~i}i e i be a nonempty family 
of K -involutions on A. Let (M, {si}), (M 1 , {s^}) be two systems of sesquilinear 
forms over (A, {o~i})- If M and M' are of finite type, then JIl/k{M, {si}) ~ 
X L/K (M', {s 1 ,}) if and only if (M, { Sl }) ~ (M', {sj}). 

To state the analogue of the injectivity of r^/x '■ W(K) —y W(L) for hermitian 
categories, we need to introduce additional notation. 

An additive category ff is called semi-abelian if all idempotents in c € split. 
Any additive category ^ admits a semi-abelian closure (e.g. see P, Th. 6.10]), 
namely, a semi-abelian additive category ^ ° equipped with an additive functor 
A i— y A° : ff — y c &° , such that the pair (^°,A \-y A°) is universal. The category 
^° is unique up to equivalence and the functor A \-y A° turns out to be faithful 
and full. The category c €° can be realized as the category of pairs (M, e) with 
M G %? and e G End<^(M) an idempotent. The Horn-sets in c tf° are given by 
Homp((M,e), (M',e')) = e'Hom^(M, M')e and the composition is the same as 
in if. Finally, set M° = (M, id M ) and f° = f for any object M G *& and any 
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morphism / in ^ '. For simplicity, we will use only this particular realization of 
c €° . Nevertheless, the universality implies that the statements to follow hold for 
any semi-abelian closure. 

Assume ^ admits a i^-linear hermitian structure (*,w). Then < d?° is clearly 
a i^-category, and moreover, it has a i^-linear hermitian structure given by 
(M,e)* = (M*,e*) and u {M ,e) = e**u M e G Hom^((M, e), (M**, e**)). Fur- 
thermore, the functor M i— >■ M° is 1-hermitian and duality preserving (the iso- 
morphism (M*)° — >■ (M°)* being idM), so we have a faithful and full functor 
(M,s) ^ (M,s)° = (M°,s) from Sesq(^) to Sesq(^°). Henceforth, consider 
^ (resp. Sesq(^)) as a full subcategory of c €° (resp. Sesq( < ^ 7 °)), i.e identify M° 
(resp. (M,s)°) with M (resp. (M,s)). 

Lemma 5.14. Let 'af, c € l be two hermitian categories and let F : ff — > c €' be an 
e-hermitian duality preserving functor. Then: 

(i) F extends to an e-hermitian duality preserving functor F° : f *f° — > c tf'° . If 

F is faithful and full, then so is F° . 
(ii) There is a 1-hermitian duality preserving functor G : Af^^) — > Ar^^ ). 
The functor G fixes Ar^^) and induces an equivalence of categories. 

Proof, (i) Define F°(M,e) = (FM,Fe) G tf'° . The rest is routine. 

(ii) Let G send ((M, M', f, g), (e, e' op )) G AF 2 (^)° to ((M, e), (M, e'), e'*/e, e'*ge) 
and any morphism to itself. The details are left to the reader. □ 

Observe that the category % may not be semi-abelian even when c (o is. We 
thus set %f£ := (%)°. 

Theorem 5.15. Let (*if , *, w) fre a semi-abelian K-linear hermitian category such 
that dim x Hom(M, M') < oo for all M, M' G <€ . Then the maps 

W e (R L/K ) : W e (tf) -> W e C*f L °) and W(tt L/K ) : W s (Sf) -»- W 5 (^ L °) 

are injective. 

Proof. We begin by showing that W € (R L / K ) : W e (^) -> W e (^£) is injective. 
Let (M,s) G UH e (<*f) be such that {M L ,s L ) = in W e (^l). Then there are 
objects JV, iV' G <££ such that s L © H^ ~ H^,. Let (U, h) = (M, s) © (JV', W N ,), 
E = End<^°(£7) and let a be the involution induced by h on E. Also set 
El = E ®k L = End^°(L r i) and o~l = cr ©^ idz,. Subsection 12.51 implies that 
^l//<(T ( ^)(M, S )) = T {ULjhL) {M L ,s L ) = in W e (£ L ,a L ), and by [21 Prp. 1.2], 
this means T^^ (M, s) = in W e (E, a) (here we need dim K E < oo). Since ^ 
is semi-abelian, the map T(u,h) : ^u — > 7(E) is an equivalence of categories, 
hence the induced map W e (T {Uth) ) : W e (tf\u) -► W(?(E)) = W e (E,a) is an 
isomorphism of groups. Therefore, (M,s) = in W e (^|fy). In particular, the 
same identity holds in W e (^). 

Now let (M,s) G Sesq(^) be such that (M L ,s L ) = in W s (^). Then by 
Proposition 15.101 (Ml,sl) is hyperbolic in ^ (but, a-priori, not in ^). Let 
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F be the functor defined in Theorem 13.21 and let J be the functor Ar 2 (^)L — > 
Ar 2 ( < ^L) °f Proposition 13.71 By the lemma, there is a fully faithful 1-hermitian 
duality preserving functor J' := GJ° : Ar 2 (^)i -> Ar 2 ("££). Since (M L ,s L ) is 
hyperbolic in «£, there is Q £ Ar 2 (*£) such that F(M L ,s L ) ~ (Q © Q*,H Q ). 
Let Z{M,s) := (M,M,s*w M ,s) and Z(M L ,s L ) = {M L , M l ,s* l u Ml ,s l ). Recall 
that F(M L ,s L ) = FJl L/K (M,s) = JJl L/K F(M,s) (Proposition E2D and hence 
Q®Q* ~ Z(M L) Si) = ,/(Z(M, s)^) = J'(Z(M, s) L ). As J' is fully faithful and 
its image is semi-abelian, we may assume Q = J'H for some H £ Ar 2 (^)^. We 
now have J'{H®H*,M H ) = (QffiQ*,H Q ) ~ F{M L ,s L ) = J'Jl L/K F{M,s), hence 
(H ®H*,W H ) ~ ft L/x A(M,s) in A7 2 (^)°. In particular, %, L/K F(M, s) = in 
W(Ar 2 ( < ^')2). By the previous paragraph, this means F(M, s) = in W(Ar 2 (^)) 
and hence, (M, s) = in W<jO*f). □ 

We also have the following weaker version of Springer's Theorem that works 
without assuming ff is semi-abelian. 

Theorem 5.16. Let ( c if,*,uj) be a K-linear hermitian category such that 
dim^ Hom(M, M') < oo for all M, M' £ <£ . Then the map W e (Ji L/K ) : W e (<T) -> 
W e (^) is injective. 

Proof. Let (M, s) £ UH e (<«?) be such that (M L ,s L ) = in W e (^ L ). Then there 
are objects N L , N' L such that s L © H^ L ~ W N , . Since H^ L = (W N ) L and M^, = 
(H^,) L , we have (s©H^) L ~ (B. £ N ,) L . By TheoremEU this means s®U e N ~ W N „ 
hence (M, s) = in W e (<^). D 

5.6. Weak Hasse Principle. In this final subsection, we prove a version of the 
weak Hasse principle for systems of sesquilinear forms over hermitian categories. 
Recall that the weak Hasse principle asserts that two quadratic forms over a 
global field k are isometric if and only if they are isometric over all completions 
of k. This actually fails for systems of quadratic forms, and we refer the reader 
to [1] and [5] for necessary and sufficient conditions for the weak Hasse principle 
to hold in this case. A weak Hasse principle for sesquilinear forms defined over 
a skew field with a unitary involution was obtained in [3]. 

Let A' be a commutative ring admitting an involution a, and let k be the fixed 
ring of a. Let c io be an additive if -category. A hermitian structure (*, u) on 
^ is called (K,o~)-linear if (fa)* = f*a(a) for all a £ A and any morphism / 
in ( tf. (This means that the functor * is fc-linear.) In this case, End(M) is a 
A-algebra for all M £ ^, and for any unimodular e-hermitian form (M, s) over 
ff, the restriction of the involution / h-> s~ 1 f*s to K ■ id M is a. 

Suppose now that A is a global field of characteristic not 2 and c (o admits 
a nonempty family of (A, <r)-linear hermitian structures {*i,Ui}i(zi. For every 
prime spot p of k, let k p be the completion of k at p and set K p = K ©& k p , 
a ®k idfc„ and ^„ = *€ ©& k v . Then each of the hermitian structures (*«, u)i) 



HERMITIAN CATEGORIES 21 

gives rise to a (K p , a p )-linear hermitian structure on ^ p , which we also denote by 

Theorem 5.17. Let K be a global field of characteristic not 2 admitting an in- 
volution a of the second kind with fixed field k. Let ^ be a K-category such that 
dim^ Hom(M, N) < oo for all M, N E'tp, and assume there is a nonempty family 
{*i, Ui}i & i of (K, a)-linear hermitian structures on < af '. Then the weak Hasse prin- 
ciple (w.r.t. k) holds for systems of sesquilinear forms over (jf, {*i,u>i}). That 
is, two systems of sesquilinear forms over (^, {*i,Ui}) are isometric if and only 
if they isometric after applying "Jlk p /k for all p. 

Proof. By Corollary 14. 4} it is enough to verify the Hasse principle (w.r.t. k) for 
1-hermitian forms in the category W := Ar 2 /(^). Our assumptions imply that 
£f is a (K, <r)-linear category such that dim^ Hom(Z, Z') < oo for all Z, Z' G <S . 
We now use the ideas developed in [31 §9]. 

Let (Z,h), (Z',h') be two unimodular 1-hermitian forms over <$ such that 
"Rk /k(Z,h) ~ Jlk /f.(Z',h') for all p. This is implies that Z = Z'q so we may 
assume Z = Z' . 

Fix a 1-hermitian form ho on Z and let r be the involution induced by h 
on E := End(Z) (i.e. t(x) = h^ x*ho)- There is an equivalence relation on the 
elements of E defined by x ~ y -<=>- there exists invertible z G E such that 
x = zyr(z). Let H(t, E x ) be the set of equivalence classes of invertible elements 
x G E x for which x = r(x). In the same manner as in [3l Th. 5.1], we see that 
there is a one-to-one correspondence between isometry classes of unimodular 
1-hermitian forms on Z and elements H(t,E x ). It is given by (Z,t) H- hy t. 

Applying the same arguing to Z p = Jl kp / k Z G W p , we see that the weak Hasse 
principle is equivalent to the injectivity of the standard map 

*:H{t,E*)-+1[H(t„E;) 

p 
where E p = End(Z p ) = E <S>k k p and r p = t ®k idfc . Observe that since £f is 
(K, cr)-linear, r is a unitary involution (and in fact, t\k — &)■ By [21 §9], this 
means that $ is injective, hence the weak Hasse principal holds. □ 

Corollary 5.18. Let K be a global field of characteristic not 2 admitting an 
involution o of the second kind with fixed field k. Let A be a f.d. K -algebra 



For any field extension L/k, Z = Z' <=^ Zi = Z' L . Here is an ad- hoc proof: By 
applying Horrid (Z © Z' , _), we may assume Z and Z' are f.g. projective right modules over 
R := End(Z © Z'), which is a f.d. fc-algebra. Let J be the Jacobson radical of R. By ten- 
soring with R/J, we may assume R is semisimple. Let {Vi}i be a complete list of the simple 
right i?-modules and write (Vj)l = ® W i - ,J with {Wy}j being pairwise non-isomorphic inde- 
composable i?£-modules. The modules {Wij}ij are pairwise non-isomorphic because Wij and 
Wi>ji have different annihilators in Rl Hi ^ i'. Assume Zl — Z' L and write Z = (J^ V™' i , 

Z' = 0, Vf\ Then 0^ W% inii ^Z L =Z' L = 4J W™ >13 . By the Krull-Schmidt Theorem 
(see for instance [1 51 pp. 237]), we have rriiriij = rn^riij for all i,j, hence m% = vn! i and Z = Z' . 
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admitting a nonempty family of involutions {o-i} ieI such that a/\K = o~. Then 
the weak Hasse principle (w.r.t. k) holds for systems of sesquilin ear forms over 

(AM). 
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